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Abstract
By virtue of the KP hierarchy reduction technique, we construct the general bright-dark mixed N-soliton solution
to the multi-component Mel’nikov system comprised of multiple (say M) short-wave components and one long-
wave component with all possible combinations of nonlinearities including all-positive, all-negative and mixed types.
Firstly, the two-bright-one-dark (2-b-1-d) and one-bright-two-dark (1-b-2-d) mixed N-soliton solutions in short-wave
components of the three-component Mel’nikov system are derived in detail. Then we extend our analysis to the
M-component Mel’nikov system to obtain its general mixed N-soliton solution. The formula obtained unifies the all-
bright, all-dark and bright-dark mixed N-soliton solutions. For the collision of two solitons, the asymptotic analysis
shows that for a M-component Mel’nikov system with M ≥ 3, inelastic collision takes place, resulting in energy
exchange among the short-wave components supporting bright solitons only if the bright solitons appear at least in
two short-wave components. Whereas, the dark solitons in the short-wave components and the bright solitons in the
long-wave component always undergo elastic collision which just accompanied by a position shift.
Keywords: bright-dark soliton; multi-component Mel’nikov system; KP hierarchy reduction technique; tau function
1. Introduction
The study of multi-component nonlinear systems is of great interest as the interaction of multiple waves may result
in some new physical phenomenons [1–4]. Of particular interest is the multi-component generalization of the non-
linear Schro¨dinger (NLS) equation [5–10], which has been considered as the generic model to describe the evolution
of slowly varying wave packets in nonlinear wave systems. What’s more, the study on nonlinear systems describing
the interaction of long waves with short wave packets in nonlinear dispersive media has received much attentions in
recent years [11–16]. Such systems have found wide applications in the fields of hydrodynamics, nonlinear optics,
plasma physics and so on [17–20].
It is desirable to extend the studies to multi-component cases since a variety of complex systems such as nonlinear
optical fibres [3], Bose-Einstein condensates [21] etc usually involve more than one component. In the real physical
systems, the nonlinearities can be positive or negative, depending on the physical situations [22]. For instance, in
Bose-Einstein condensates [21], the nonlinear coefficients take positive or negative when the interaction between the
atoms is repulsive or attractive. For some multi-component systems [11, 13, 16], it has been found that the solitons
exhibit certain energy-exchanging inelastic collision behaviors, which have not been found in the single-component
counterparts and may be used to realize multi-state logic and soliton collision-based computing. In the current paper,
we consider the multi-component generalization of the Mel’nikov system [23–26]
iΦy = Φxx + uΦ, (1)
uxt + uxxxx + 3(u
2)xx − 3uyy + σ(ΦΦ∗)xx = 0, (2)
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where σ = ±1, u is the real long-wave amplitude and Φ is the complex short-wave amplitude; the asterisk means
complex conjugate hereafter and the subscripts t and x, y denote partial differentiation with respect to time and space,
respectively. This system is introduced by Mel’nikov and can be used to describe the interaction of long waves with
short wave packets propagating on the x-y plane at an angle to each other. The Mel’nikov system (1)-(2) can be
extended to a multi-component case
iΦ(k)y = Φ
(k)
xx + uΦ
(k), k = 1, 2, · · · , M, (3)
uxt + uxxxx + 3(u
2)xx − 3uyy +
( M∑
k=1
σkΦ
(k)
Φ
(k)∗)
xx
= 0, σk = ±1, (4)
which describes the interaction of a long wave u with multiple (say M) short wave packets Φ(k). The system (3)-(4) is
refered as the M-component Mel’nikov system hereafter.
The Mel’nikov system (1)-(2) admits boomeron type solutions [25], and its multi-soliton solution is obtained
in Ref.[26] through the matrices theory. Its bright- and dark-types soliton solutions have been derived from the
Wronskian solutions of the KP hierarchy equaions [27]. The Painleve´ analysis and exponentially localized dromion
type solutions of this system are reported in Ref.[28]. In a recent work, its rogue wave solution is obtained by using
the Hirota’s bilinear method [29]. However, to the best of our knowledge, the general bright-dark mixed N-soliton
solution of the multi-component Mel’nikov system (3)-(4) has not been reported so far.
The goal of the present paper is to construct the general bright-dark mixed N-soliton solution to the multi-
component Mel’nikov system (3)-(4) with all possible combinations of nonlinearities including all-positive, all-
negative and mixed types through the KP hierarchy reduction technique. Moreover, the dynamics of single and
two solitons are also discussed in detail. For the collision of two solitons in a M-component Mel’nikov system with
M ≥ 3, it can be shown that inelastic collision takes place, which results in energy exchange among the bright parts
of the mixed solitons in short-wave components only if the bright parts appear at least in two short-wave components.
While the dark parts of the mixed solitons in short-wave components and the bright solitons in long-wave component
always undergo standard elastic collision.
It is worth noting that the KP hierarchy reduction technique to derive soliton solutions of integrable systems is
an effective and elegant method, which is firstly developed by the Kyoto school [30] in the 1970s. This method has
been applied to get soliton solutions of the NLS equation, the modified KdV equation and the Davey-Stewartson
(DS) equation. Additionally, the pseudo-reduction of the two-dimensional Toda lattice hierarchy to constrained KP
systems with dark soliton solutions is introduced in Ref.[31], and the reduction to constrained KP systems with bright
soliton solutions from multi-component KP hierarchy is established in Ref.[32]. Based on this method, Ohta et al [33]
construct the general N-dark-dark soliton solutions for a two-coupled NLS equations (Manakov system). Also using
this method, the general bright-dark mixed N-soliton solution of the vector NLS equations is investigated by Feng [8].
Most recently, this method is used to obtain the N-dark soliton [15] and bright-dark mixed N-soliton [16] solutions of
the multi-component Yajima-Oikawa (YO) system. In some other recent works, the KP hierarchy reduction technique
has also been applied to derive rogue wave solutions of integrable systems [34–36], see also the literatures [37–39].
This paper is organized as below. In section 2, the general two-bright-one-dark and one-bright-two-darkmixed N-
soliton solutions in Gram determinant form of the three-component Mel’nikov system are derived in detail. Besides,
the dynamics of single and two solitons are also discussed. Section 3 devotes to extend the similar analysis to obtain
the general m-bright-(M −m)-dark mixed N-soliton solution of the M-component Mel’nikov system. The last section
is allotted for conclusion.
2. Bright-dark Mixed N-Soliton Solution of the three-component Mel’nikov System
We first consider the general bright-dark mixed N-soliton solution to the three-component Mel’nikov system
iΦ(k)y = Φ
(k)
xx + uΦ
(k), k = 1, 2, 3, (5)
uxt + uxxxx + 3(u
2)xx − 3uyy +
( 3∑
k=1
σkΦ
(k)
Φ
(k)∗)
xx
= 0, (6)
2
whereσk = ±1 for k = 1, 2, 3. For the three-componentMel’nikov system, the mixed-type vector solitons in the short-
wave components consist of two types: two-bright-one-dark (2-b-1-d) and one-bright-two-dark (1-b-2-d). These two
types of soliton solutions will be derived in the subsequent two subsections, respectively.
2.1. 2-b-1-d mixed soliton solution
Without loss of generality, assuming the Φ(1) and Φ(2) components are of bright type while the Φ(3) component is
of dark type. We introduce the dependent variable transformations
Φ
(1)
=
g(1)
f
, Φ(2) =
g(2)
f
, Φ(3) = ρ1e
iθ1
h(1)
f
, u = 2(log f )xx, (7)
where g(1), g(2) and h(1) are complex functions; f is a real function; θ1 = α1x+α
2
1
y+β1(t), α1 and ρ1 are real constants,
β1(t) is a real function. Then the three-component Mel’nikov system (5)-(6) is converted into the bilinear form
(D2x − iDy)g(k) · f = 0, k = 1, 2, (8)
(D2x + 2iα1Dx − iDy)h(1) · f = 0, (9)
(D4x + DxDt − 3D2y) f · f = −
2∑
k=1
σkg
(k)g(k)
∗
+ σ3ρ
2
1( f
2 − h(1)h(1)∗), (10)
where the Hirota’s bilinear operator D is defined as
DlxD
m
y D
n
t f (x, y, t) · g(x, y, t) =
( ∂
∂x
− ∂
∂x′
)l( ∂
∂y
− ∂
∂y′
)m( ∂
∂t
− ∂
∂t′
)n
f (x, y, t) · g(x′, y′, t′)|x=x′,y=y′,t=t′ . (11)
In what follows, we proceed to show how the mixed N-soliton solution is derived through the KP hierarchy
reduction technique. To this end, we consider a three-component KP hierarchy with one copy of shifted singular point
(c1)
(D2x1 − Dx2)τ1,0(k1) · τ0,0(k1) = 0, (12)
(D2x1 − Dx2)τ0,1(k1) · τ0,0(k1) = 0, (13)
(D2x1 − Dx2 + 2c1Dx1)τ0,0(k1 + 1) · τ0,0(k1) = 0, (14)
(D4x1 − 4Dx1Dx3 + 3D2x2)τ0,0(k1) · τ0,0(k1) = 0, (15)
Dx1Dy(1)
1
τ0,0(k1) · τ0,0(k1) = −2τ1,0(k1)τ−1,0(k1), (16)
Dx1Dy(2)
1
τ0,0(k1) · τ0,0(k1) = −2τ0,1(k1)τ0,−1(k1), (17)
(Dx1Dx(1)−1
− 2)τ0,0(k1) · τ0,0(k1) = −2τ0,0(k1 + 1)τ0,0(k1 − 1). (18)
Based on the Sato theory for KP hierarchy [30], the bilinear equations (12)-(18) have the Gram determinant tau
function solution
τ0,0(k1) =
∣∣∣∣∣∣
A I
−I B
∣∣∣∣∣∣ , (19)
τ1,0(k1) =
∣∣∣∣∣∣∣∣
A I ΩT
−I B 0T
0 −Ψ¯ 0
∣∣∣∣∣∣∣∣
, τ−1,0(k1) =
∣∣∣∣∣∣∣∣
A I 0T
−I B ΨT
−Ω¯ 0 0
∣∣∣∣∣∣∣∣
, (20)
τ0,1(k1) =
∣∣∣∣∣∣∣∣
A I ΩT
−I B 0T
0 −Υ¯ 0
∣∣∣∣∣∣∣∣
, τ0,−1(k1) =
∣∣∣∣∣∣∣∣
A I 0T
−I B ΥT
−Ω¯ 0 0
∣∣∣∣∣∣∣∣
, (21)
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where 0 is an N-component zero-row vector; I is an N×N identity matrix; A and B are N×N matrices whose elements
are defined respectively as
ai j(k1) =
1
pi + p¯ j
(
− pi − c1
p¯ j + c1
)k1
eξi+ξ¯ j , bi j =
1
qi + q¯ j
eηi+η¯ j +
1
ri + r¯ j
eχi+χ¯ j ,
meanwhile,Ω,Ψ,Υ, Ω¯, Ψ¯ and Υ¯ are N-component row vectors
Ω = (eξ1 , eξ2 , · · · , eξN ), Ψ = (eη1 , eη2 , · · · , eηN ), Υ = (eχ1 , eχ2 , · · · , eχN ),
Ω¯ = (eξ¯1 , eξ¯2 , · · · , eξ¯N ), Ψ¯ = (eη¯1 , eη¯2 , · · · , eη¯N ), Υ¯ = (eχ¯1 , eχ¯2 , · · · , eχ¯N ),
with
ξi =
1
pi − c1
x
(1)
−1 + pix1 + p
2
i x2 + p
3
i x3 + ξi0, ξ¯ j =
1
p¯ j + c1
x
(1)
−1 + p¯ jx1 − p¯2j x2 + p¯3j x3 + ξ¯ j0,
ηi = qiy
(1)
1
+ ηi0, η¯ j = q¯ jy
(1)
1
+ η¯ j0, χi = riy
(2)
1
+ χi0, χ¯ j = r¯ jy
(2)
1
+ χ¯ j0,
in which pi, p¯ j, qi, q¯ j, ri, r¯ j, ξi0, ξ¯ j0, ηi0, η¯ j0, χi0, χ¯ j0 and c1 are complex constants.
The proof of the bilinear equations (12)-(18) can be shown by means of the Grammian technique [40, 41], which
is omitted here. We first consider complex conjugate reduction by assuming x1, x3, x
(1)
−1, y
(1)
1
, y
(2)
1
are real; x2 and c1
are pure imaginary and by letting p∗
j
= p¯ j, q
∗
j
= q¯ j, r
∗
j
= r¯ j, ξ
∗
j0
= ξ¯ j0, η
∗
j0
= η¯ j0 and χ
∗
j0
= χ¯ j0, then it is easy to check
that
ai j(k1) = a
∗
ji(k1), bi j = b
∗
ji.
Furthermore, we define
f = τ0,0(0), g
(1)
= τ1,0(0), g
(2)
= τ0,1(0), h
(1)
= τ0,0(1),
hence, f is real and
g(1)∗ = −τ−1,0(0), g(2)∗ = −τ0,−1(0), h(1)∗ = τ0,0(−1),
thus the bilinear equations (12)-(18) become to
(D2x1 − Dx2)g(k) · f = 0, k = 1, 2, (22)
(D2x1 − Dx2 + 2c1Dx1)h(1) · f = 0, (23)
(D4x1 − 4Dx1Dx3 + 3D2x2) f · f = 0, (24)
Dx1Dy(k)
1
f · f = 2g(k)g(k)∗, k = 1, 2, (25)
(Dx1Dx(1)−1
− 2) f · f = −2h(1)h(1)∗. (26)
Using the independent variable transformations
x1 = x, x2 = −iy, x3 = −8t, (27)
i.e.,
∂x = ∂x1 , ∂y = −i∂x2 , ∂t = −8∂x3 , (28)
equations (22)-(23) become to equations (8)-(9) by letting c1 = iα1. Next, we show how to get equation (10) from
equations (24)-(26).
By row operations, f can be rewritten as
f =
∣∣∣∣∣∣
A′ I
−I B′
∣∣∣∣∣∣ , (29)
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where A′ and B′ are N × N matrices whose entries are
a′i j =
1
pi + p
∗
j
, b′i j =
1
qi + q
∗
j
eηi+η
∗
j
+ξ∗
i
+ξ j +
1
ri + r
∗
j
eχi+χ
∗
j
+ξ∗
i
+ξ j ,
with
ηi + ξ
∗
i = qiy
(1)
1
+
1
p∗
i
+ c1
x
(1)
−1 + p
∗
i x1 − p∗i 2x2 + p∗i 3x3 + ξ∗i0 + ηi0,
η∗j + ξ j = q
∗
jy
(1)
1
+
1
p j − c1
x
(1)
−1 + p jx1 + p
2
j x2 + p
3
j x3 + ξ j0 + η
∗
j0,
χi + ξ
∗
i = riy
(2)
1
+
1
p∗
i
+ c1
x
(1)
−1 + p
∗
i x1 − p∗i 2x2 + p∗i 3x3 + ξ∗i0 + χi0,
χ∗j + ξ j = r
∗
jy
(2)
1
+
1
p j − c1
x
(1)
−1 + p jx1 + p
2
j x2 + p
3
j x3 + ξ j0 + χ
∗
j0.
Consider the following reduction conditions
8p∗i
3
= σ1qi −
σ3ρ
2
1
p∗
i
+ c1
, 8p3j = σ1q
∗
j −
σ3ρ
2
1
p j − c1
, (30)
8p∗i
3
= σ2ri −
σ3ρ
2
1
p∗
i
+ c1
, 8p3j = σ2r
∗
j −
σ3ρ
2
1
p j − c1
, (31)
i.e.,
1
qi + q
∗
j
=
σ1
8(p∗
i
3
+ p3
j
) +
σ3ρ
2
1
(p∗
i
+p j)
(p∗
i
+iα1)(p j−iα1)
, (32)
1
ri + r
∗
j
=
σ2
8(p∗
i
3
+ p3
j
) +
σ3ρ
2
1
(p∗
i
+p j)
(p∗
i
+iα1)(p j−iα1)
, (33)
we have the relation
8∂x3b
′
i j = (σ1∂y(1)
1
+ σ2∂y(2)
1
− σ3ρ21∂x(1)−1 )b
′
i j. (34)
Equation (34) immediately leads to
8 fx3 = σ1 fy(1)
1
+ σ2 fy(2)
1
− σ3ρ21 fx(1)−1 , (35)
and the derivation of (35) with respect to x1 reads
8 fx1x3 = σ1 fx1y(1)1
+ σ2 fx1y(2)1
− σ3ρ21 fx1x(1)−1 . (36)
On the other hand, equations (25) and (26) can be expanded as
f
x1y
(1)
1
f − fx1 fy(1)
1
= g(1)g(1)∗, f
x1y
(2)
1
f − fx1 fy(2)
1
= g(2)g(2)∗, (37)
and
f
x1x
(1)
−1
f − fx1 fx(1)−1 − f
2
= −h(1)h(1)∗, (38)
respectively. By using relations (35) and (36), from (37) and (38), we can arrive at
− 4Dx1Dx3 f · f = −σ1g(1)g(1)∗ − σ2g(2)g(2)∗ + σ3ρ21( f 2 − h(1)h(1)∗). (39)
5
Also by the transformations (27), from equations (24) and (39), equation (10) is immediately obtained.
Under the variable transformations (27), the variables y
(1)
1
, y
(2)
1
, x
(1)
−1 become dummy variables, thus they can be
treated as constants. Consequently, we can take eηi = c
(1)∗
i
, eη
∗
i = c
(1)
i
, eχi = c
(2)∗
i
, eχ
∗
i = c
(2)
i
, (i = 1, 2, · · · , N) and
define C1 = −(c(1)1 , c
(1)
2
, · · · , c(1)
N
) and C2 = −(c(2)1 , c
(2)
2
, · · · , c(2)
N
), thus we have obtained the 2-b-1-d mixed N-soliton
solution of the three-component Mel’nikov system (5)-(6)
f =
∣∣∣∣∣∣
A I
−I B
∣∣∣∣∣∣ , g
(k)
=
∣∣∣∣∣∣∣∣
A I ΩT
−I B 0T
0 Ck 0
∣∣∣∣∣∣∣∣
, h(1) =
∣∣∣∣∣∣
A(1) I
−I B
∣∣∣∣∣∣ , (40)
where the entries in A, A(1) and B are defined as
ai j =
1
pi + p
∗
j
eξi+ξ
∗
j , a
(1)
i j
=
1
pi + p
∗
j
(
− pi − iα1
p∗
j
+ iα1
)
eξi+ξ
∗
j , (41)
bi j =
( 2∑
k=1
σkc
(k)∗
i
c
(k)
j
)[
8(p∗i
3
+ p3j) +
σ3ρ
2
1
(p∗
i
+ p j)
(p∗
i
+ iα1)(p j − iα1)
]−1
, (42)
respectively;Ω and Ck are N-component row vectors
Ω = (eξ1 , eξ2 , · · · , eξN ), Ck = −(c(k)1 , c
(k)
2
, · · · , c(k)
N
), (43)
with ξi = pi x − ip2i y − 8p3i t + ξi0, and pi, ξi0, c(k)i , (k = 1, 2; i = 1, 2, · · · , N) are complex constants.
2.1.1. One-soliton solution
By taking N = 1 in the formula (40), we can get the one-soliton solution. For this case, the tau functions can be
rewritten as
f = 1 + E11∗e
ξ1+ξ
∗
1 , (44)
g(k) = c
(k)
1
eξ1 , k = 1, 2, (45)
h(1) = 1 + F11∗e
ξ1+ξ
∗
1 , (46)
where
E11∗ =
( 2∑
k=1
σkc
(k)
1
c
(k)∗
1
)[
8(p1 + p
∗
1)(p
3
1 + p
∗
1
3
) +
σ3ρ
2
1
(p1 + p
∗
1
)2
(p∗
1
+ iα1)(p1 − iα1)
]−1
,
F11∗ = −
p1 − iα1
p∗
1
+ iα1
E11∗ ,
with ξ1 = p1x − ip21y − 8p31t + ξ10. Besides, the one-soliton solution is nonsingular only when E11∗ > 0.
The 2-b-1-d mixed one-soliton solution can be expressed in the form
Φ
(k)
=
c
(k)
1
2
eiξ1I−η1sech(ξ1R + η1), k = 1, 2, (47)
Φ
(3)
=
ρ1
2
eiθ1[1 + e2iφ1 + (e2iφ1 − 1) tanh(ξ1R + η1)], (48)
u = 2p21Rsech
2(ξ1R + η1), (49)
where e2η1 = E11∗ , e
2iφ1 = −(p1 − iα1)/(p∗1 + iα1), ξ1 = ξ1R + iξ1I , the suffixes R and I denote the real and imaginary
parts, respectively. Obviously, the amplitude of the bright soliton in theΦ(k) component is
|c(k)
1
|
2
e−η1 while the amplitude
of the bright soliton in the u component is 2p2
1R
. For the dark soliton in the Φ(3) component, |Φ(3)| approaches |ρ1| as
x, y → ±∞. In addition, the intensity of the dark soliton is |ρ1| cosφ1. As the parameters c(k)1 appear explicitly in the
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amplitude of the bright parts of the mixed one-soliton, we can tune the intensity of bright parts without altering the
depth of the dark part. The mixed one-soliton at time t = 0 is displayed in Fig.?? with the nonlinearities (σ1, σ2, σ3) =
(1,−1, 1). The parameters used are p1 = 1+ 12 i, α1 = ρ1 = 1, ξ10 = y = 0, c
(2)
1
= 1+ i and (a) c
(1)
1
= 2; (b) c
(1)
1
= 2+ 3i.
It can be seen that when the parameters c
(k)
1
take different values, the intensities of the bright solitons in the Φ(1) and
Φ
(2) components change, while the intensity of the bright soliton in the u component and the depth of the dark soliton
remain unaltered.
2.1.2. Two-soliton solution
To obtain two-soliton solution, we take N = 2 in the formula (40). In this case, the tau functions can be rewritten
as
f = 1 + E11∗e
ξ1+ξ
∗
1 + E12∗e
ξ1+ξ
∗
2 + E21∗e
ξ2+ξ
∗
1 + E22∗e
ξ2+ξ
∗
2 + E121∗2∗e
ξ1+ξ2+ξ
∗
1
+ξ∗
2 , (50)
g(k) = c
(k)
1
eξ1 + c
(k)
2
eξ2 +G
(k)
121∗e
ξ1+ξ2+ξ
∗
1 +G
(k)
122∗e
ξ1+ξ2+ξ
∗
2 , k = 1, 2, (51)
h(1) = 1 + F
(1)
11∗e
ξ1+ξ
∗
1 + F
(1)
1,2∗e
ξ1+ξ
∗
2 + F
(1)
21∗e
ξ2+ξ
∗
1 + F
(1)
22∗e
ξ2+ξ
∗
2 + F
(1)
121∗2∗e
ξ1+ξ2+ξ
∗
1
+ξ∗
2 , (52)
where
Ei j∗ =
( 2∑
k=1
σkc
(k)
i
c
(k)∗
j
)[
8(pi + p
∗
j)(p
3
i + p
∗
j
3
) +
σ3ρ
2
1
(pi + p
∗
j
)2
(pi − iα1)(p∗j + iα1)
]−1
,
E121∗2∗ = |p1 − p2|2
[ E11∗E22∗
(p1 + p
∗
2
)(p2 + p
∗
1
)
− E12∗E21∗
(p1 + p
∗
1
)(p2 + p
∗
2
)
]
,
F
(1)
i j∗ = −
pi − iα1
p∗
j
+ iα1
Ei j∗ ,
F
(1)
121∗2∗ =
(p1 − iα1)(p2 − iα1)
(p∗
1
+ iα1)(p
∗
2
+ iα1)
E121∗2∗ ,
G
(k)
12i∗ = (p1 − p2)
( c(k)
1
E2i∗
p1 + p
∗
i
− c
(k)
2
E1i∗
p2 + p
∗
i
)
,
with ξi = pi x − ip2i y − 8p3i t + ξi0 for i = 1, 2.
To get nonsingular solution, the denominator f must be nonzero. For this purpose, we rewrite f as
f = 2eξ1R+ξ2R [eζR cos(ξ1I − ξ2I + ζI) + eη1+η2 cosh(ξ1R − ξ2R + η1 − η2) + eη3 cosh(ξ1R − ξ2R + η3)], (53)
where
e2η1 = E11∗ , e
2η2 = E22∗ , e
2η3 = E121∗2∗ , e
ζR+iζI = E12∗ .
Combine the condition for the existence of one-soliton solution, it is easy to known that Eii∗ > 0, i = 1, 2 is a necessary
condition and eη1+η2 + eη3 > eζR is a sufficient condition to guarantee a nonsingular two-soliton solution. Based on the
above tau functions, the asymptotic analysis of the two-soliton solution can be performed as in Refs. [11, 13], this
will help us to elucidate the understanding of the collision of two solitons. Particularly, we study the interaction of
two solitons in the x-y plane. The similar approach can also be applied to study the collision in other planes.
The asymptotic forms of two solitons s1 and s2 before and after collision can be deduced from the transformations
(7) and the tau functions (50)-(52).
(a) Before collision (x, y → −∞)
Soliton s1
Φ
(k)
1− ≃ A
(k)
1−e
iξ1I sech(ξ1R + η1), k = 1, 2,
Φ
(3)
1− ≃
ρ1
2
eiθ1[1 + e2iφ1 + (e2iφ1 − 1) tanh(ξ1R + η1)],
u1− ≃ 2p21Rsech2(ξ1R + η1).
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Soliton s2
Φ
(k)
2− ≃ A
(k)
2−e
iξ2I sech(ξ2R + η3 − η1), k = 1, 2,
Φ
(3)
2− ≃
ρ1
2
ei(θ1+2φ1)[1 + e2iφ2 + (e2iφ2 − 1) tanh(ξ2R + η3 − η1)],
u2− ≃ 2p22Rsech2(ξ2R + η3 − η1).
(b) After collision (x, y → +∞)
Soliton s1
Φ
(k)
1+
≃ A(k)
1+
eiξ1I sech(ξ1R + η3 − η2), k = 1, 2,
Φ
(3)
1+
≃ ρ1
2
ei(θ1+2φ2)[1 + e2iφ1 + (e2iφ1 − 1) tanh(ξ1R + η3 − η2)],
u1+ ≃ 2p21Rsech2(ξ1R + η3 − η2).
Soliton s2
Φ
(k)
2+
≃ A(k)
2+
eiξ2I sech(ξ2R + η2), k = 1, 2,
Φ
(3)
2+
≃ ρ1
2
eiθ1[1 + e2iφ2 + (e2iφ2 − 1) tanh(ξ2R + η2)],
u2+ ≃ 2p22Rsech2(ξ2R + η2).
In the above expressions, e2iφ j = −(p j−iα1)/(p∗j+iα1) for j = 1, 2; (A(1)1−, A
(1)
2−) are the amplitudes of the bright parts
of the mixed two solitons s1 and s2 before interaction; (A
(1)
1+
, A
(1)
2+
) are the corresponding amplitudes after interaction.
Where the superscript (subscript) of A represents the component (soliton) number and − (+) denotes the soliton before
(after) collision, and the various amplitudes are given by
A
(k)
1− =
c
(k)
1
2
√
E11∗
, A
(k)
2− =
G
(k)
121∗
2
√
E11∗E121∗2∗
, A
(k)
1+
=
G
(k)
122∗
2
√
E22∗E121∗2∗
, A
(k)
2+
=
c
(k)
2
2
√
E22∗
.
What’s more, there is a relation between the amplitudes before and after collision [13]
A
(k)
i+
= T ki A
(k)
i− , i, k = 1, 2, (54)
where the transition amplitudes T k
i
are given by
T k1 =
( p1 − p2
p∗
1
− p∗
2
)( p∗
1
+ p2
p1 + p
∗
2
)1/2[ (c(k)2 /c
(k)
1
)r1 − 1√
1 − r1r2
]
, T k2 =
( p1 − p2
p∗
1
− p∗
2
)( p∗
1
+ p2
p1 + p
∗
2
)1/2[ √1 − r1r2
(c
(k)
1
/c
(k)
2
)r2 − 1
]
, k = 1, 2,
with
r1 =
p1 + p
∗
2
p2 + p
∗
2
E12∗
E22∗
, r2 =
p∗
1
+ p2
p1 + p
∗
1
E21∗
E11∗
.
The relation (54) means that the intensities of the bright parts of the mixed two solitons before and after collision
alter in general. Only under the condition
|c(1)
1
|
|c(1)
2
| =
|c(2)
1
|
|c(2)
2
| , the transition amplitudes T
k
i
become unimodular. It indicates
that in general, the bright parts of the mixed two solitons exhibit energy-exchanging inelastic collision characterized
with an intensity redistribution (energy sharing) among the bright parts of the mixed solitons in the Φ(1) and Φ(2)
components. As the amplitudes of the dark parts of the mixed two solitons in the Φ(3) component are same and equal
to ρ1, the intensities of the dark parts remain unaltered after collision. Thus the dark parts of the mixed two solitons
undergo mere elastic collision. What’s more, both the bright and dark parts of the mixed two solitons admit a same
magnitude position shift but with opposite signs. The position shift of soliton s1 (and s2) is Λ1 = η3 − η1 − η2 (and
Λ2 = −Λ1). In addition, the similar analysis of the u component shows that standard elastic collision takes place
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between the two bright solitons in the u component. The collisions of two solitons of the three-component Mel’nikov
system (5)-(6) with the nonlinearities (σ1, σ2, σ3) = (1,−1, 1) are depicted in Figs.?? and ?? at the time t = 0. The
parameters used in Fig.?? are p1 =
2
5
+
1
5
i, p2 =
4
5
− 2
5
i, c
(1)
1
= 1 + 1
2
i, c
(1)
2
=
5
2
, c
(2)
1
=
1
2
i, c
(2)
2
=
1
4
− 1
4
i, ρ1 = 1, α1 =
1
2
and ξ10 = ξ20 = 0, which correspond to inelastic collisions of the bright solitons in the Φ
(1) and Φ(2) components.
An example of elastic collision of the bright solitons in the Φ(1) and Φ(2) components is displayed in Fig.?? with the
parameters c
(1)
1
, c
(1)
2
, c
(2)
1
, c
(2)
2
used in Fig.?? are replaced by c
(1)
1
= 1, c
(1)
2
= 2, c
(2)
1
=
1
3
, c
(2)
2
=
2
3
. In Figs.?? and ??, (a)
and (b) represent the collisions of two bright solitons in the Φ(1) and Φ(2) components, respectively; the collision of
two dark solitons in the Φ(3) component is displayed in (c); and (d) represents the collision of two bright solitons in
the u component. The difference between Figs.?? and ?? is inelastic and elastic collisions, which only appears in (a)
and (b). It is obvious that in the (a) and (b) of Figs.??, the intensity of a soliton is suppressed while the intensity of
the other soliton is enhanced after collision. The physical mechanism behind this interesting collision is attributed to
an intensity redistribution among the components accompanied by finite amplitude-dependent position shift.
2.2. 1-b-2-d mixed soliton solution
In this case, assuming the Φ(1) component is of bright type while the Φ(2) and Φ(3) components are of dark type,
we introduce the dependent variable transformations
Φ
(1)
=
g(1)
f
, Φ(2) = ρ1e
iθ1
h(1)
f
, Φ(3) = ρ2e
iθ2
h(2)
f
, u = 2(log f )xx, (55)
which convert the three-component Mel’nikov system (5)-(6) into the bilinear forms
(D2x − iDy)g(1) · f = 0, (56)
(D2x + 2iαkDx − iDy)h(k) · f = 0, k = 1, 2, (57)
(D4x + DxDt − 3D2y) f · f = −σ1g(1)g(1)
∗
+
2∑
k=1
σk+1ρ
2
k( f
2 − h(k)h(k)∗), (58)
where f is a real function; g(1), h(1) and h(2) are complex functions; θk = αk x + α
2
k
y + βk(t), αk and ρk, (k = 1, 2) are
real constants, βk(t), (k = 1, 2) are real functions.
To construct the 1-b-2-d mixed N-soliton solution, we start with a two-component KP hierarchy with two copies
of shifted singular points (c1 and c2)
(D2x1 − Dx2)τ1(k1, k2) · τ0(k1, k2) = 0, (59)
(D2x1 − Dx2 + 2c1Dx1)τ0(k1 + 1, k2) · τ0(k1, k2) = 0, (60)
(D2x1 − Dx2 + 2c2Dx1)τ0(k1, k2 + 1) · τ0(k1, k2) = 0, (61)
(D4x1 − 4Dx1Dx3 + 3D2x2)τ0(k1, k2) · τ0(k1, k2) = 0, (62)
Dx1Dy(1)
1
τ0(k1, k2) · τ0(k1, k2) = −2τ1(k1, k2)τ−1(k1, k2), (63)
(Dx1Dx(1)−1
− 2)τ0(k1, k2) · τ0(k1, k2) = −2τ0(k1 + 1, k2)τ0(k1 − 1, k2), (64)
(Dx1Dx(2)−1
− 2)τ0(k1, k2) · τ0(k1, k2) = −2τ0(k1, k2 + 1)τ0(k1, k2 − 1). (65)
Based on the Sato theory for KP hierarchy [30], the bilinear equations (59)-(65) have the Gram determinant tau
function solution
τ0(k1, k2) =
∣∣∣∣∣∣
A I
−I B
∣∣∣∣∣∣ , (66)
τ1(k1, k2) =
∣∣∣∣∣∣∣∣
A I ΩT
−I B 0T
0 −Ψ¯ 0
∣∣∣∣∣∣∣∣
, τ−1(k1, k2) =
∣∣∣∣∣∣∣∣
A I 0T
−I B ΨT
−Ω¯ 0 0
∣∣∣∣∣∣∣∣
, (67)
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whereΩ,Ψ, Ω¯, Ψ¯ are the N-component row vectors defined previously; A and B are N × N matrices whose entries are
ai j(k1, k2) =
1
pi + p¯ j
(
− pi − c1
p¯ j + c1
)k1( − pi − c2
p¯ j + c2
)k2
eξi+ξ¯ j , bi j =
1
qi + q¯ j
eηi+η¯ j ,
with
ξi =
1
pi − c1
x
(1)
−1 +
1
pi − c2
x
(2)
−1 + pix1 + p
2
i x2 + p
3
i x3 + ξi0,
ξ¯ j =
1
p¯ j + c1
x
(1)
−1 +
1
p¯ j + c2
x
(2)
−1 + p¯ jx1 − p¯2j x2 + p¯3j x3 + ξ¯ j0,
ηi = qiy
(1)
1
+ ηi0, η¯ j = q¯ jy
(1)
1
+ η¯ j0,
in which pi, p¯ j, qi, q¯ j, ξi0, ξ¯ j0, ηi0, η¯ j0, c1 and c2 are complex constants.
We also first consider complex conjugate reduction by assuming x1, x3, x
(1)
−1 , x
(2)
−1, y
(1)
1
are real; x2, c1 and c2 are
pure imaginary and defining p∗
j
= p¯ j, q
∗
j
= q¯ j, ξ
∗
j0
= ξ¯ j0 and η
∗
j0
= η¯ j0. It is easy to check that
ai j(k1, k2) = a
∗
ji(−k1,−k2), bi j = b∗ji.
Furthermore, by letting
f = τ0(0, 0), g
(1)
= τ1(0, 0), h
(1)
= τ0(1, 0), h
(2)
= τ0(0, 1),
thus, f is real and
g(1)∗ = −τ−1(0, 0), h(1)∗ = τ0(−1, 0), h(2)∗ = τ0(0,−1).
Then the bilinear equations (59)-(65) become to
(D2x1 − Dx2)g(1) · f = 0, (68)
(D2x1 − Dx2 + 2ckDx1)h(k) · f = 0, k = 1, 2, (69)
(D4x1 − 4Dx1Dx3 + 3D2x2) f · f = 0, (70)
Dx1Dy(1)
1
f · f = 2g(1)g(1)∗, (71)
(Dx1Dx(k)−1
− 2) f · f = −2h(k)h(k)∗, k = 1, 2. (72)
Also by the transformations (27), equations (68)-(69) are recast into equations (56)-(57) along with c1 = iα1 and
c2 = iα2. Thus, the remaining task is to derive equation (58) from equations (70)-(72).
In a similar way, under the reduction conditions
8p∗i
3
= σ1qi −
σ2ρ
2
1
p∗
i
+ c1
− σ3ρ
2
2
p∗
i
+ c2
, 8p3j = σ1q
∗
j −
σ2ρ
2
1
p j − c1
− σ3ρ
2
2
p j − c2
, (73)
i.e.,
1
qi + q
∗
j
=
σ1
8(p∗
i
3
+ p3
j
) +
σ2ρ
2
1
(p∗
i
+p j)
(p∗
i
+c1)(p j−c1) +
σ3ρ
2
2
(p∗
i
+p j)
(p∗
i
+c2)(p j−c2)
, (74)
the following relation holds
8 fx3 = σ1 fy(1)
1
− σ2ρ21 fx(1)−1 − σ3ρ
2
2 fx(2)−1
, (75)
which also gives
8 fx1x3 = σ1 fx1y(1)1
− σ2ρ21 fx1 x(1)−1 − σ3ρ
2
2 fx1x(2)−1
. (76)
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Similarly, equations (71) and (72) can be expanded as
f
x1y
(1)
1
f − fx1 fy(1)
1
= g(1)g(1)∗, (77)
and
f
x1x
(1)
−1
f − fx1 fx(1)−1 − f
2
= −h(1)h(1)∗, f
x1x
(2)
−1
f − fx1 fx(2)−1 − f
2
= −h(2)h(2)∗, (78)
respectively. By referring to the relations (75) and (76), from (77) and (78), we can arrive at
− 4Dx1Dx3 f · f = −σ1g(1)g(1)∗ + σ2ρ21( f 2 − h(1)h(1)∗) + σ3ρ22( f 2 − h(2)h(2)∗). (79)
By using the transformations (27), from equations (70) and (79), equation (58) is immediately obtained.
In conclude, we have obtained the 1-b-2-d mixed N-soliton solution to the three-component Mel’nikov system
(5)-(6)
f =
∣∣∣∣∣∣
A I
−I B
∣∣∣∣∣∣ , g
(1)
=
∣∣∣∣∣∣∣∣
A I ΩT
−I B 0T
0 C1 0
∣∣∣∣∣∣∣∣
, h(k) =
∣∣∣∣∣∣
A(k) I
−I B
∣∣∣∣∣∣ , (80)
where the elements in A, A(k) and B are given by
ai j =
1
pi + p
∗
j
eξi+ξ
∗
j , a
(k)
i j
=
1
pi + p
∗
j
(
− pi − iαk
p∗
j
+ iαk
)
eξi+ξ
∗
j , (81)
bi j = σ1c
(1)∗
i
c
(1)
j
[
8(p∗i
3
+ p3j) +
2∑
l=1
σl+1ρ
2
l
(p∗
i
+ p j)
(p∗
i
+ iαl)(p j − iαl)
]−1
, (82)
meanwhile,Ω and C1 are
Ω = (eξ1 , eξ2 , · · · , eξN ), C1 = −(c(1)1 , c(1)2 , · · · , c(1)N ), (83)
with ξi = pi x − ip2i y − 8p3i t + ξi0; pi, ξi0 and c(1)i , (k = 1, 2; i = 1, 2, · · · , N) are complex constants.
2.2.1. One-soliton solution
To get one-soliton solution, we take N = 1 in the formula (80). In this case, the tau functions can be rewritten as
f = 1 + E11∗e
ξ1+ξ
∗
1 , (84)
g(1) = c
(1)
1
eξ1 , (85)
h(k) = 1 + F11∗e
ξ1+ξ
∗
1 , k = 1, 2, (86)
where
E11∗ = σ1c
(1)
1
c
(1)∗
1
[
8(p1 + p
∗
1)(p
3
1 + p
∗
1
3
) +
2∑
l=1
σl+1ρ
2
l
(p1 + p
∗
1
)2
(p1 − iαl)(p∗1 + iαl)
]−1
,
F11∗ = −
p1 − iαk
p∗
1
+ iαk
E11∗ ,
with ξ1 = p1x − ip21y − 8p31t + ξ10. It is worth noting that this solution is nonsingular only when E11∗ > 0.
The 1-b-2-d mixed one-soliton solution can be expressed in the following form
Φ
(1)
=
c
(1)
1
2
eiξ1I−η1sech[ξ1R + η1], (87)
Φ
(k+1)
=
ρk
2
eiθk {1 + e2iφk + (e2iφk − 1) tanh[ξ1R + η1]}, k = 1, 2, (88)
u = 2p21Rsech
2[ξ1R + η1], (89)
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where e2η1 = E11∗ , e
2iφk = −(p1 − iαk)/(p∗1 + iαk), ξ1 = ξ1R + iξ1I . The amplitude of the bright part of the mixed single
soliton in the Φ(1) component is
|c(1)
1
|
2
e−η1 while the amplitude of the bright soliton in the u component is 2p2
1R
. For the
dark parts of the mixed single soliton in theΦ(2) andΦ(3) components, |Φ(k+1)|, (k = 1, 2) approaches |ρk| as x, y → ±∞.
What’s more, the intensity of the dark soliton in the Φ(k+1) component is |ρk | cosφk for k = 1, 2. In addition, according
to the values of α1 and α2, there exist two different cases: (i) α1 = α2 and (ii) α1 , α2. In the former case, we
have φ1 = φ2, which implies that the dark solitons in the Φ
(2) and Φ(3) components are proportional to each other.
Therefore, this case is considered as degenerate. In the latter case, the condition φ1 , φ2 means that the dark solitons
in the Φ(2) and Φ(3) components have different degrees of darkness at the center. In this case, Φ(2) and Φ(3) are not
proportional to each other, thus it is viewed as non-degenerate case. Both the degenerate and non-degenerate cases are
illustrated in Fig.?? with the parametric choice p1 = 1 +
1
2
i, c
(1)
1
= ρ1 = 1, ξ10 = y = 0 and (a) α1 = α2 =
1
2
, ρ2 = 2;
(b) α1 = 2, α2 = − 13 , ρ2 = 1 at time t = 0 with the nonlinearities (σ1, σ2, σ3) = (1,−1, 1).
2.2.2. Two-soliton solution
To get two-soliton solution, we take N = 2 in the formula (80). In this case, the corresponding tau functions can
be rewritten as
f = 1 + E11∗e
ξ1+ξ
∗
1 + E12∗e
ξ1+ξ
∗
2 + E21∗e
ξ2+ξ
∗
1 + E22∗e
ξ2+ξ
∗
2 + E121∗2∗e
ξ1+ξ2+ξ
∗
1
+ξ∗
2 , (90)
g(1) = c
(1)
1
eξ1 + c
(1)
2
eξ2 +G
(1)
121∗e
ξ1+ξ2+ξ
∗
1 +G
(1)
122∗e
ξ1+ξ2+ξ
∗
2 , (91)
h(k) = 1 + F
(k)
11∗e
ξ1+ξ
∗
1 + F
(k)
12∗e
ξ1+ξ
∗
2 + F
(k)
21∗e
ξ2+ξ
∗
1 + F
(k)
22∗e
ξ2+ξ
∗
2 + F
(k)
121∗2∗e
ξ1+ξ2+ξ
∗
1
+ξ∗
2 , k = 1, 2, (92)
where
Ei j∗ = σ1c
(1)
i
c
(1)∗
j
[
8(pi + p
∗
j)(p
3
i + p
∗
j
3
) +
2∑
l=1
σl+1ρ
2
l
(pi + p
∗
j
)2
(pi − iαl)(p∗j + iαl)
]−1
,
F
(k)
i j∗ = −
pi − iαk
p∗
j
+ iαk
Ei j∗ ,
E121∗2∗ = |p1 − p2|2
[ E11∗E22∗
(p1 + p
∗
2
)(p2 + p
∗
1
)
− E12∗E21∗
(p1 + p
∗
1
)(p2 + p
∗
2
)
]
,
F
(k)
121∗2∗ =
(p1 − iαk)(p2 − iαk)
(p∗
1
+ iαk)(p
∗
2
+ iαk)
E121∗2∗ ,
G
(1)
12i∗ = (p1 − p2)
( c(1)
1
E2i∗
p1 + p
∗
i
− c
(1)
2
E1i∗
p2 + p
∗
i
)
,
with ξi = pi x − ip2i y − 8p3i t + ξi0 for i = 1, 2.
Similarly, nonsingular solution requires the denominator f must be nonzero. Also, we rewrite f as
f = 2eξ1R+ξ2R [eζR cos(ξ1I − ξ2I + ζI) + eη1+η2 cosh(ξ1R − ξ2R + η1 − η2) + eη3 cosh(ξ1R − ξ2R + η3)], (93)
where e2η1 = E11∗ , e
2η2 = E22∗ , e
2η3 = E121∗2∗ , e
ζR+iζI = E12∗ . As in the above subsection, it is easy to know that
Eii∗ > 0, (i = 1, 2) is a necessary condition and e
η1+η2 + eη3 > eζR is a sufficient condition to guarantee a nonsingular
two-soliton solution.
Following the method in the previous subsection, the similar asymptotic analysis of the collision between two
solitons also can be performed, whose details are omitted here. The amplitudes of the bright parts of the mixed two
solitons before and after collision are given by
(A
(1)
1−, A
(1)
2−, A
(1)
1+
, A
(1)
2+
) =
( c(1)
1
2
√
E11∗
,
G
(1)
121∗
2
√
E11∗E121∗2∗
,
G
(1)
122∗
2
√
E22∗E121∗2∗
,
c
(1)
2
2
√
E22∗
)
. (94)
After substituting the expressions of various quantities, a tedious calculation shows that |A(1)
j− | = |A(1)j+ | for j = 1, 2,
which indicates that the intensities of the bright parts of the colliding mixed two solitons are same before and after
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collision. Similarly, the amplitudes of the dark parts of the mixed two solitons in theΦ(k+1) component before and after
interaction are same and equal to ρk. In addition, it also can be seen that the bright solitons in the u component also
undergo elastic collision. Hence, different from the 2-b-1-d case, the two solitons in all the components (short-wave
and long-wave components) for the 1-b-2-d case always undertake standard elastic collision without energy exchange.
It is worth noting that this phenomenon is consistent with the mixed soliton solution of the three-component YO
system [13, 16]. The mixed-type two solitons are displayed in Fig.?? with the parametric choice p1 =
2
5
+
1
5
i, p2 =
4
5
− 2
5
i, c
(1)
1
= 1+ 1
2
i, c
(1)
2
=
5
2
, ρ1 = ρ2 = α1 = 1, α2 =
1
2
, ξ10 = ξ20 = 0 at time t = 0 under the same nonlinear coefficients
as previous. In Fig.??, (a) and (d) represent the collisions of two bright solitons in the Φ(1) and u components,
respectively; and the collisions of two dark solitons with different amplitudes in the Φ(2) and Φ(3) components are
displayed in (b) and (c), respectively. From these figures, it is obvious that the solitons in all the components undergo
elastic collision without shape change while just accompanied by a position shift.
3. Bright-dark Mixed N-soliton Solution of the Multi-component Mel’nikov System
In this section, we consider the general bright-dark mixed N-soliton solution consisting of m bright solitons and
M − m dark solitons in the short-wave components to the M-component Mel’nikov system (3)-(4). To this end, the
following dependent variable transformations are introduced
Φ
(k)
=
g(k)
f
, Φ(l) = ρle
iθl
h(l)
f
, u = 2(log f )xx, (95)
where θl = αl x + α
2
l
y + βl(t); k = 1, 2, · · · ,m; l = 1, 2, · · · , M − m; which convert equations (3)-(4) into
(D2x − iDy)g(k) · f = 0, k = 1, 2, · · · ,m, (96)
(D2x + 2iαlDx − iDy)h(l) · f = 0, l = 1, 2, · · · , M − m, (97)
(D4x + DxDt − 3D2y) f · f = −
m∑
k=1
σkg
(k)g(k)
∗
+
M−m∑
l=1
σl+mρ
2
l ( f
2 − h(l)h(l)∗). (98)
In the same manner as the three-component Mel’nikov system (5)-(6), one can show that the following tau
functions satisfy the bilinear equations (96)-(98) and thus provide the general mixed N-soliton solution to the M-
component Mel’nikov system (3)-(4)
f =
∣∣∣∣∣∣
A I
−I B
∣∣∣∣∣∣ , g
(k)
=
∣∣∣∣∣∣∣∣
A I ΩT
−I B 0T
0 Ck 0
∣∣∣∣∣∣∣∣
, h(l) =
∣∣∣∣∣∣
A(l) I
−I B
∣∣∣∣∣∣ , (99)
where A, A(l) and B are N × N matrices whose entries are given respectively as
ai j =
1
pi + p
∗
j
eξi+ξ
∗
j , a
(l)
i j
=
1
pi + p
∗
j
(
− pi − iαl
p∗
j
+ iαl
)
eξi+ξ
∗
j ,
bi j =
( m∑
k=1
σkc
(k)∗
i
c
(k)
j
)[
8(p∗i
3
+ p3j) +
M−m∑
l=1
σl+mρ
2
l
(p∗
i
+ p j)
(p∗
i
+ iαl)(p j − iαl)
]−1
,
meanwhile,Ω and Ck are N-component row vectors
Ω = (eξ1 , eξ2 , · · · , eξN ), Ck = −(c(k)1 , c
(k)
2
, · · · , c(k)
N
),
with ξi = pi x − ip2i y − 8p3i t + ξi0; pi, ξi0 and c(k)i , (i = 1, 2, · · · , N) are complex constants.
Similarly, a necessary condition of the M-component Mel’nikov system (3)-(4) for the existence of a nonsingular
mixed N-soliton solution is given by
( m∑
k=1
σk |c(k)i |2
)(
8(p2iR − 3p2iI) +
M−m∑
l=1
σl+mρ
2
l
|pi − iαl|2
)
> 0, i = 1, 2, · · · , N. (100)
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The formula obtained admits bright-dark mixed N-soliton solution to the M-component Mel’nikov system (3)-
(4) with all possible combinations of nonlinearities, including all-positive, all-negative and mixed types. Besides, as
pointed in Ref.[13], the arbitrariness of nonlinearitiesσk increases the freedomwhich results in rich soliton dynamics.
In parallel with the vector NLS equation [8] and the multi-component YO system [16], the expression of the general
bright-dark mixed N-soliton solution also includes the all-bright and all-dark N-soliton solutions as special cases. For
instance, the N-bright soliton solution can be directly obtained from the formula (99) by taking m = M; hence, it
supports the same determinant form as the mixed N-soliton solution. Whereas, the expression of the N-dark soliton
solution is different from the one of the mixed N-soliton solution. As discussed in Refs.[8] and [16], it is known that
the general N-dark soliton solution can alternatively take the same form as (99) except redefining the matrix B to be
an identity matrix (bi j = δi j) and imposing the following constraints on the parameters
8(p∗i
2 − |pi|2 + p2i ) +
M∑
l=1
σlρ
2
l
|pi − iαl|2
= 0, i = 1, 2, · · · , N. (101)
For the collision of two solitons, the similar asymptotic analysis can be performed as in the above section, whose
details are omitted here. It can be concluded that for a M-component Mel’nikov system (3)-(4) with M ≥ 3, energy-
exchanging inelastic collision is possible only if the bright parts of the mixed solitons appear at least in two short-wave
components. What’s more, the bright solitons in the short-wave components take elastic collision when
|c(1)
1
|
|c(1)
2
| =
|c(2)
1
|
|c(2)
2
| =
· · · = |c
(k)
1
|
|c(k)
2
| , k = 1, 2, · · · ,m. Otherwise, they take energy-exchanging inelastic collision characterized by an intensity
redistribution. Whereas, the dark solitons in the short-wave components and the bright solitons in the long-wave
component always undergo elastic collision without shape change while just accompanied by a position shift.
4. Conclusion
The general bright-dark mixed N-soliton solution of the multi-component Mel’nikov system with all possible
combinations of nonlinearities is constructed by virtue of the KP hierarchy reduction technique. Taking the three-
component Mel’nikov system as a concrete example, its two kinds of mixed N-soliton solution (two-bright-one-dark
soliton and one-bright-two-dark soliton in the three short-wave components) are derived from the tau functions of the
KP hierarchy in detail. It is worth noting that the derivation of two-bright-one-dark mixed N-soliton solution starts
from a (2+1)-component KP hierarchy with one copy of shifted singular point (c1). In contrast, for the construction
of one-bright-two-dark mixed N-soliton solution, we start from a (1+1)-component KP hierarchy with two copies of
shifted singular points (c1 and c2). Hence, it is not difficult to conclude that the number of components in the KP
hierarchy matches the number of short-wave components supporting bright solitons while the number of the copies of
shifted singular points equals to the number of short-wave components supporting dark solitons. This fact also can be
referred to the constructions in the Ref.[30]. Then we extend our analysis to the M-component Mel’nikov system to
obtain its m-bright-(M−m)-darkmixed N-soliton solution. It is obvious that the mixed soliton solution can be derived
from the reduction of a (m + 1)-component KP hierarchy with M − m copies of shifted singular points. The formula
obtained also includes the general all-bright and all-dark N-soliton solutions as special cases.
Furthermore, the dynamics of single and two solitons are also discussed in detail. Particularly, for the collision of
two solitons, it has been shown that for a M-component Mel’nikov system with M ≥ 3, if the bright solitons appear
at least in two short-wave components, then interesting collision behaviors take place, resulting in energy exchange
among the bright solitons in the short-wave components. Generally, after the inelastic collision of two solitons, the
intensity of a soliton is enhancedwhile the intensity of the other soliton is suppressed, which can be observed in (a) and
(b) of Fig.??. Whereas, the dark solitons appearing in the short-wave components and the bright solitons appearing
in the long-wave component always undergo elastic collision without shape change while just accompanied by a
position shift. This interesting feature is in parallel with the one-dimensional and two-dimensional multi-component
YO system [11, 16].
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